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ABSTRACT 


The  reflection  of  straight-crested  flexural  wavee 
at  the  edge  of  a  semi=inf inite  plate  is  studied  in  terms 
of  a  two-dimensional  plate  theory.  It  is  found  that,  in 
general,  a  flexural  wave  propagated  toward  the  edge  at  an 
arbitrary  angle  of  ineidenoe  gives  rise  to  three  reflected 
waves  i  two  flexural  waves  and  a  shear  wave,  A  number  of 
special  cases,  involving  degenerate  ferr.s  of  thess  motions 
are  investigated  in  detail. 


1.  BrtPOflttttffl 


In  this  paper  Mindlin's  [1]^  equationa  of  flexural  motions  of  plates 
are  used  to  stud?  the  reflection  of  a  straight^orested  wave  at  the  edge  of  a 
semi-inf  in:,  to  plate.  The  equations  accommodate  three  modes  of  motion i  two 
types  of  flexural  waves  and  a  thioknesa-shear  wave.  It  is  found  that,  in 
general,  all  three  of  these  motions  are  excited  upon  incidence  of  any  one  of 
them  at  a  free  edge.  The  shear  motion,  here  encountered,  is  of  particular 
interest)  for  this  motion  is  absent  in  the  classical  theory  of  plates,  whonoe 
the  applicability  of  that  theory  is  restricted  to  a  range  of  frequencies  oon- 
iiduwtbly  Isrlov  that  corresponding  to  the  first  mode  of  thickness -shear  vibra¬ 
tion'. 'r  By  the  seas  token,  the  present  theory  deae  not  inalude  the  higher  modes 

bf'ROtitftv which  are  to  be  found  in  three-dimensional  elasticity  theoryj  thus, 

‘  ■'  -•  .  J 

the;  '^lufcltuseet  forth  below  may  be  expected  to  furnish  an  adequate  d.esorip- 

-tidhtf ©frequencies  which  de  not  materially  exceed  that  of  the  first  thickness 
shear  m®lSV 

The  character  of  the  reflected  waves  is  affected  by  both  the  angle  of 
'  inside nbe'  ahd  the  ratio  of  plate  thickness  to  wave-length  of  the  incident  wave. 
Appropriate  values  of  theee  tve  parameters  give  rise  to  such  special  cases  as 
waves  whose  amplitudes  decrease  exponentially  ’with  distance  from  the  edge, 
vibrations,  resonance,  disappearance  of  esce  of  the  reflected  waves,  and,  for 
grazing  incidence,  complete  disappearance  of  the  motion. 

Following  a  resume  of  the  plate  equations  in  Section  2,  straight-orested 
waves  are  considered  in  Section  3.  Incident  and  emergent  waves  are  described 
in  Section  4  and,  in  terms  of  these,  a  formal  solution  is  reached  in  Section  5. 
In  SeotioEE  6  and  7  various  cases  of  normal  and  oblique  incidence  are  discussed 
in  detail.  Section  8  deals  with  grazing  incidence, 

1.  Numbers  in  brackets  refer  to  the  Bibliography  at  the  end  of  the  paper. 
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2.  Plata  DiBBl/iarAflpi;a,_EQUfl.tlQja.t-^£_Mo.tlon-ftadJStgftftflftfl. 


For  a  plate  of  thiokr.ess  h  »  oriented  as  in  Fig.  1,  plate  dieplaoe- 
.nents  %  (t,  (>  t]  t  %  (*,  acd  £)  are  given  by  (see  [1]) 


%  -  [t y  frt.  *  y$ 


a) 


v  -  (w,  +  v> i  U 


Lf>l 


The  functions  and  H^,f) are  governed,  respectively,  by 

equations  of  notion 

(Vl+  6?)w%  *o 
l V'+  m)H  *  0 


(2) 


In  the  above, 


ft,  rj  . 

i  a,  ‘ j;*j  .  g{s+R±. [(s.R?~4s?f}  (3 ) 

•  2  (4) 

(5) 
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(6) 


R  -  h. 

/£ 


p  is  the  circular  frequency  associated  with  the  wave  motion  .  ^  are* 

reapeotiveiy,  Young's  Modulus,  Poisson's  Ratio,  and  the  mass  density  of  the 
plate  material. 

Plate  bending  mooenta  ,  shears  Q.. )  and  twisting  moment  Myx. 

are  given  by 


M,.  [>(%**%> 

Q[  .  ty*k(X*rhi) 

4  ■  *J“^*y*^ 


ylt  is  the  modulus  of  rigidity  of  the  plate  material,  The  definition  of  <L  is 
given  in  [1], 


la  ■■S.trai.dit^C»sted_WaTO9. 

Taking  any  one  of  the  functions  ii/f )  u{  ,  or  H  to  be  of  the  form 

Atxpttfx)  ,  $  >0 

and  letting  the  remaining  two  vanish  identically,  we  find  that,  in  each  case, 
two  of  the  equations  of  motion  arc  automatically  satisfied  while  'the  remaining 
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one  requires  that 


Letting 


<c, 

H  *  i? 

/"  1  ^  > 

>v,  *  H'o 

U, 

H+o, 

C'rO 

) 

this  leads  to  [see  Equations  (3),  (4),  (5)]  three  possible  types  of  relation, 
ships  between  phase  relooity  C  and  wave  number  £  j 

r  y  a  >  «  —  I  ^ 


i  -  //«.  0 


M  2.  +  *•(!-*)$/  AV$ 
JL  e  J 


where 


r  *  t-^cR+s) 

and  Cj  is  the  vslocity  of  ahear  wares  in  an  infinite  medium,  A  plot  of 
versus  bj.  (with  jr,  t/4  )  for  each  of  these  cases  is  shown  in  fig.  3,  It 
is  seen  that  c/et  -*■  0  as  -  O  for  a  W,  ware,  while  ^  —  -  as 
for  and  H  wares.  In  the  sequel  we  shall  call  ^  a  "slow'1  flexural  ware, 
lVt  a  "fast"  flexural  ware  and  H  a  ahear  ware.  (The  fact  that  the  preceding 
discussion  involves  wares  propagated  in  the  X  -direction,  does  not  result  in 
any  loss  of  generality.) 
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4j _ lMlflsat-mdJiB9rgent._Wa?e  s 


Referring  the  semi-infinite  plate  to  axes  X,  t/,  3  as  shown  In  Pig.  2 

?  / 

we  consider  a  alow  flexural  wave  propagated  towards  the  edge  of  the  plate, 


where 


*  Uf  V  i 

A&"  )  o 

Y  z.  XCOSX 


(10) 


We  postulate  three  aaergent  waves,  propagated  reepectively  towards  P^P'^P* 
as  shown  in  Fig,  2.  These  are 
a)  a  slow  flexural  wave i 


b)  a  fast  flexural  waves 

*  /'  wr'  ,  j’  „ 

M'  “  A  J  v '  m  H  •  0 

a)  a  shear  wave t 

/  A*  <-PK  » 

Pt  9  A  €  ,  9  •  ° 


(11) 


(12) 


(13) 


where 


/  0  m 


9  If  J'ih  oA  -r  ~  'W  ,  jm  j  f 


and  the  oiJ  are  the  angles  of  emergence  shown  in  Fig,  2, 

In  accordance  with  Equations  (9),  these  waves  are  propagated  with 
velocities  which  depend  on  their  respective  wave  numbers  ^ , 


2,  The  case  of  a  fast  incident  wave  is  similar  in  nature  and  will  not  be 
disouesed  in  the  present  paper; 


The  displacements  corresponding  to  these  waves  are  obtained  from 
Equation  (1).  Denotine  the  incident  wave  by  ,y  and  %  ,  and  calling 

>  *  I 

the  displacement  components  of  the  emergent  waves 

we  observe  that,  since  the  equations  of  motion  (2)  are  linear,  the  stst-e  of 
motion  given  by 

J 

%.%  +  ZV  (U) 

J 

Y  *  -  f  r  y  ^ 
r  'r  “T  r 

✓ 

is  a  possible  state  of  motion  for  an  Infinite  plate.  For  the  send -inf inite 
plate  under  consideration,  three  boundary  conditions  must  be  satisfied  on  the 
edge  /  «  o  , 


S.-_Bound«y.  Goad  it  ions 


av  ^  A  V  * 

Plate  stresses  y  J  /v7  ,  etc.  corresponding  to  the  motion  defined  by 
Equations  (14)  may  be  computed  from  Equations  (7),  To  obtain  a  traction-free 
edge,  ve  must  have,  on  XmO} 


In  order  that  these  equations  be  satisfied  for  all  values  of  the  time  t  and 
all  values  of  the  space  variable  u  ,  it  is  necessary  that  the  circular  fre¬ 
quencies  jo  and  ^  associated  with  the  various  waves  be  identical,  i.e., 

d6) 

and  that  the  angles  cv  and  ^  satisfy 

tana  »  c-'SwaS’.  (17 ) 

Q  * 
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Now,  the  relation  between  C  and  p  is  of  the  same  form  as  that  'Detween  C * 
and ,  both  being  slow  flexural  waves,  Thus  it  follows  from  Equations  (16) 
and  (17)  that  the  angle  of  emergence  ot'/  of  the  slow  flaxural  wave  is  equal 
to  the  angle  of  incidence  «'  of  the  incident  wave,  and  that  the  wave  numbers 
and  phase  velocities  of  these  two  waves  are  identical.  Equations  (16)  and  (17) 
show,  furthermore,  that  the  condition  of  vanishing  traction  at  the  edge  of  the 
plate,  [Eq,  (15)] ,  leads  to  a  determination  of  the  phase  velocity,  wave  number 
and  angle  of  emergence  of  each  of  the  postulated  emergent  waves  when  the  ar.gle 
of  incidence  and  wave  number  (or  phase  velocity)  of  the  incident  wave  are 
specified. 

The  boundary  oonditians  (15)  also  impose  restrictions  on  the  amplitude 
ratios  •  From  Equations  (10)*(l3)j  (14)  and  (7)  we  get,  upon  substitu¬ 

tion  into  Equations  (15),  a  system  of  three  neu-hociegessous  linear  algebraic 
equations  governing  these  amplitude  ratios, 

' j.'/S  •  2  (18) 


where 


$  •  A/W.  jA" 


j. 


f  it 


*  / St  v  os 


(19) 
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with 


«  c&iot1  +  ysni  - 


Hie  analog*  in  the  present  theory,  to  F.  Neumann's  uniqueness  theorem 
[2]  guarantees  that  the  above  constitutes  the  unique  solution  of  the  problem. 
We  may  say  then  that  a  slow  incident  flexural  wave  produces,  in  general,  three 
reflected  waves*.  &  slow  flexural,  a  fast  flexural,  and  a  shear  wave. 


We  now  proceed  to  study  the  character  of  the  reflected  waves  in  terms 
of  the  angle  of  incidence  ex'  and  the  wave  number  f  of  the  incident  wave.  We 
begin  by  examining  the  case  of  normal  incidence,  i.e., 

Ths  wave  numbers  j,"  and  ^  of  the  fast  reflected  wave  and  of  the  shear 
wave  are  given  by  [see  Eqa.  (8),  (4)*  (5)] 


iyf.  z(i-»r'(ps*-s"> 


(20) 


(21) 


Both  '  and  £n  vanish  when  K  /  ,  i.e,,  when  ^  R.*5  *  For 

£XR5  <  )  y  and  j!*  are  imaginary  ’while  for  both  are 

real,  The  physical  significance  of  ^*"^5®/  will  be  discussed  when  the  motion 
corresponding  to  that  value  of  the  ’wave  number  of  the  incident  wave  hae  been 
determined.  We  first  consider 


£ 


fgS<  ,€  -5 


Free  Eq.  (17)  ve  have,  for  of'^Q 


i 

\ 


C=C'  *0  / 


f  4'  m 

Jm  *  > 


The  amplitude  ratios  are  found  from  Eqs.  (IS )  * 


A>  „ 

fi  „ 

T  I  A 


ku 

A 


L2s‘l(So*'*J*\ 


t'> 


(22) 


btv! 


t 

) 


so  that  ‘  is  rsal. 

The  incident  wave  is  given  by  [see  Eqs.  (l)  and  (10 )] 

</«  A<x*{(x-+ct) 
f%m  -  A  Mf'stof  (x-rd ) 


(23) 
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The  slow  reflected  wave  [Eq.  (11)]  becomes 


Vr 1 «  -/} M (x-ct  +  ■(,) 

r/*  o 

and  the  fast  reflected  wave  [Eq,  (12)]  is  given  by 

m  & 

iV "  *  f ’$1+  Us  {fct  -  ft) 

i //  h 

<u~0 


In  the  above) 

^  -  Cretan  ki  ,  Km 'it 
4e 


'Jo  set)  that  the  slow  reflected  wave  has  the  same  amplitude,  wave-length  and 
velocity  as  the  inoident  wave,  bu.  is  out  of  phase  with  it.  The  fast  reflected 
"wave"  is,  in  fact,  a  vibration,  the  amplitude  of  which  decreases  exponentially 
as  the  distance  from  the  edge  of  the  plate  increases,  As  /{  »  0  by  Eq.  u2 ), 
no  othar  waves  are  reflected, 

Now  consider 


Equations  (22)  are  then  replaced  by 


Z  _ 


o 
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The  incident  vave  remains  unchanged  [Equations  (23 )] ,  the  slow  reflected  wave 
becomes 


A  (x-ci) 

w u>  .  A‘\sf‘. , 


f'.  -AMyobffx-to 


Vm  0  > 


the  fast  reflected  vave  is  given  by 


Vt',  A“en/(x-c’t) 

%'  .-A'hrpr'tix/d-e'i) 


and  Uie  refloated  shear  wave  again  vaniahas,  (The  amplitude  ratios  A/A  and 
A ’/A  for  this  case  are  plotted  versus  kf  in  Fig.  4*) 

The  inoident  vave  is  seen  to  give  rise  to  two  reflected  flexural  waves; 
we  f t&y  examine  the  manner  ir.  which  the  energy  per  unit  length  of  veve-front, 
per  cycle,  of  the  inoident  vave  is  distributed  to  the  two  reflected  waves.  Using 
the  expressions  for  energy  given  in  reference  [4],  we  find 

£‘  !A't 
£  ' (aJ 


r*  A"]1/  \  7  4  Aytul 

£.  +(6.1(4. 1  k  ±M—  • 

C  'A!  CyJ  rf  J.  kjfL 


c  r.  1 

Here  u.  ,  ^  and  t  are,  respectively,  the  energy  per  oycle,  per  unit  length  of 
wave  front  of  the  incident  ’wave,  for  the  incident,  slow  reflected  and  fast 
reflected  waves,  The  ratios  £'/£  and  £ /£  are  plotted  versus  in  Fig.  5, 


’•il- 


The  motion  corresponding  to 


^gs  - 

may  be  found  by  proceeding  to  the  limit*  as  *  in  either  of 
the  preceding  cases.  By  either  method  it  may  be  verified  that  an  incident 
wave 


w  •  A  c*fs{(x-+c£) 

%  *  A-J  if,  sinf(x+et) 
9  \s(R+&  * 


(28) 


0 

%  ‘ ,  ?A\rr  akfict  (30) 

i.  « 

Ty  z  0 

The  oiroular  frequency  p  for  this  vibration  is  [see  Eqe.  (3 ) *  (5)*  (6)*  (8)* 

(9)] 

p  -  \IL 

r  h 

Now*  the  oiroular  frequency*  p  *  of  the  first  antisymmetric  mode  of  thichr.ess- 
shear  vibration  of  an  infinite  plate*  according  to  the  three-dimensional  theory 


of  elasticity,  is 


Thus  it  seems  appropriate  to  let 

X. 

vz. 

so  that  the  thickness-shear  vibration  in  the  present  case  '-dll  oocur  at 
the  frequency  predicted  by  exact  theory'  for  an  infinite  plate  of  the  same 
thickness, 

It  is  interesting  to  notice  that  the  motion  here  being  considered, 
is  one  of  the  possible  nodes  of  motion  of  an  infinite  strip  of  thiokness 
and  width  Is  (see  Reference  [3j)$  provided 

.AbT- _ „  ,  Si,... 

[s(eis+i)]k 

Hence,  for  *  £■+  S  ,  i,e,,  for  ,  the  semi-infinite  plate  may 

be  regarded  as  consisting  of  an  infinite  number  of  independently  vibrating 
strips,  each  with  its  infinite  dimension  parallel  to  the  edge  of  the  plate. 

To  conclude  the  discussion  of  normal  incidence,  we  consider  two  limit¬ 
ing  cases  i 

When  the  wave-length  of  the  incident  wave  is  large  in  comparison  with 
the  thickness  of  the  plate,  we  find,  by  prooeeding  to  the  limit  in  Equations 
(22)- (25),  as  -*  O f 

w  ~  A C4s.fr  (x+ct) 

%  -  AfSinfCX-i-ct) 
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i 


I 


I 


These  expressions  show  that,  the  incident  wave  is  reflected  without  change  in 
amplitude  or  phase  velocity,  and  that  a  vibration,  confined  primarily  to  a 
region  near  the  edge  of  the  plate,  takes  plaoe.  The  classical  theory  of  plates 
(whose  range  of  applicability  is  restricted  to  the  limiting  case  under  considera¬ 
tion)  predicts  the  same  results. 

For  wave -lengths  which  are  very  mall  in  comparison  with  the  plate  thick¬ 
ness^  ,  we  let  approach  infinity  in  Equations  (26),  (2?)  with  the  result 

A'o  AcssjfX +ct)%  %  -  ^  =.  o 
>V*  A  COSj'fi-'C.t)) 
wn-  V  *  o 
tx"‘. 


3.  The  theory  is  not  expeoted  to  be  good  for  very  short  waves.  This  limit¬ 
ing  case  ie  included  for  the  sake  of  completeness. 
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The  total  motion  is 


=  2 A  COtfct 

which  is  a  standing  wave, 


lx _ &UaiaJ&gldfim 


We  have  seen  that  fundamentally  different  states  of  motion  obtain 
aooording  aa  the  circular  frequency  of  the  incident  wave  is  leas  than,  equal 
to,  or  greater  than  the  airoular  frequency  of  thickness-shear  vibration  of  an 
infinite  plate.  Hence,  for  0<t X1  <  T/l.  we  shall  again  examine  separately 
the  cases  /AJ</SJyo>^S  and  y©*/®. 


-P-StJl 

'  It  ftxip  is  equivalent  to  £S$B4  *:  /  ,  we  see  from  Equations  (20)  and  (21) 
.  .that  and  are  iaagirary. 

Setting 


•Mi  It 

t  ' 


we  get,  from  Equation  (17), 


st ho#  «  _  wv>?of  .  /*  , 
ZJ 


*  H 


whence 


COS  eft  *  L  !  1 u ;Jl,)  SlHx]  «  t>1J  }  SQy . 

1  v 

(For  all  values  of  V  and  ^  vs  have,  as  noted  earlier , c  *  f. 


Substituting  Into  the  general  expressions  for  the  various  reflected  waves 
[Equations  (11 ),  (12),  (13)],  we  get  from  Equations  (l), 

k'  »  /j  ^ 

%'*  h/ ' 

iSinoi 

»  A  £Xfo  {(yf’l *K ) 

<W-A?V  (3D 

%  1  “  ~\/V* 


w**  o 

Ay  * w  A  £'"tont  -&#f>  (^%-yw't) 

where 

J§  »  —ct 

These  expressions  are  valid  for  all  with  the  possible  exception  of  <Vr  7/£t 
lie,,  "gracing"  inoidenoe,  For  that  case,  the  solution  of  Equations  (18)  is 

A.',./  A"*A“'.o 

A  ’ 

and  W9  get,  in  place  of  Equations  (31), 
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w1-  (•>'.  */•»  ,  j-'V" 


so  that  the  entire  notion  is  then  [see  Eq.  (14)] 


This  complete  disappearance  of  the  notion  is  analogous  to  the  case  of  grazing 
inoidenoe  in  the  reflection  of  plane  waves  fron  the  plan6  boundary  of  a  semi- 
infinite  solid,  We  shall  return  to  this  question  later  on. 

The  waves  described  by  Equations  (31)  are 
®  -  a  slow  flexural  vave}  reflected  at  an  angle  equal  to  the  angle  of 
iteider.ee  of  the  incident  wave , 

®  »  a  .fast  flexural  wave  of  amplitude  decreasing  exponentially  with 
‘^eperture-frbm  the- edge  ^  and  .propagated  in  a  direction  parallel  to  the  edge  , 

®  -  a  shear  wave  of  exponentially  decreasing  amplitude,  propagated  along 
the  edge,  (See  Fig,  6, )  '.V; 

Turning  now  to  the  oaee 

-£h£. 

vs  note  that)  frets  Equations  (20)  and  (21) 

jL  <  / ;  <L  <  /  <  SlT  for  S'* 

t  s  s  r  * 

(Fig,  8  illustrates  these  facts  for  J/4.) 

Equation  (17)  permits  us  to  construct  a  table  which  shows  the  relation¬ 
ship  between  <X  and  ,  <^n  in  terns  of  trigonometric  functions  of  these 

angles, 
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V 

*  0 

lie  x  ■  9  , 

li-  \  " 

»  1  o:i 
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1  *  < 
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V 
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:  v  .»*  -/'/ 
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•U  t  -w 

lie 

!\  <  I  it  i* 
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i 
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■»  /V 
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lit  \ 
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x  a  1 
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lie 

X  '  •  f.Wtl 

■I  <  cm  „v  1 

!  /V< 

•  it 

\ 

<  *■/ 
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With  the  help  of  this  table  and  Equations  ( 1 0 ) — ( 13 )  we  can  now  describe  the 
notion  associated  with  various  angles  of  incidence. 

For  0&  S/fix  <  *  the  reflected  waves  are  __ 

(T)  -  a  slow  flexural  wave* 

(Q  -  a  fast  flexural  ’wave) 

/.  ^  -  a  shear  wavs. 

These  eaerge  at  angles  \  a'^with 


*<'<  r/z 


ae  shown  in  Fig.  7.  For  instance*  'with  =5,  wu  have 
Taking  s  15*  (so  that  sin<V<.3G2)  vt  get 

ok  /  a  15° 

^  2  arc  sin  diLsii  *  59.1a 
.3C2 

V  "a  art  sin  =  25.® ° 

o93 

-  // 

For  $***#*  gL  ,  the  anpli’-ade  ratios  'see  3qs.  (13)]  are 

& 


4./,  £.*(&=*')  [(?Y(br)-i]  r 

A  A  rfcrS-y')  V'  '  W 

Thus  we  have  only  two  reflected  waves*  (see  Fig,  9)* 
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(T)  -  a  slow  flexural  wave  whose  angle  of  emergence  is  equal  to  the  angle 
of  incidence  of  the  Lnoident  'wave, 

(T)  -  a  fast  flexural  wave  propagated  along  the  free  edge, 

With  3  5 »  as  in  the  numerical  example  above;  the  critical  angle, 
0(_  ,  for  which  the  shear  wave  vanishes,  is 

yf&  s  arc  sin  (.302)  -  17,6* 

Letting  X  increase  further,  until  we  find  that 

the  fast  flexural  wave  [Equations  (18)]  ohanges  in  character  sinoe  is 

now  imaginary.  The  shear  wave  reappears  and  we  have  (Fig,  10) 

Q  -  a  slow  flexural  vave, 

(£)  -  an  exponentially  decaying  fast  flexural  wave,  props -ated  parallel 
to;  the  edge  i 

-  a  shuar  ’wave  emerging  at  an  angle,  ith  Wt, 

J 

Another  critical  value  of  X  ie  reached  when  s/siX a  */#.*.  We  then 
fiM  (Fig.  11) 

(^)  »  a  alow  flexural  wave, 

«  an  exponentially  decaying  fast  flexural  wave, 

^T)  “  a  sheer  vnve. 

Both  (^)anid^) are  now  propagated  along  the  edge,  With  s  ?,  the  oritioal 
value  for#  is  36.4* 

Finally,  for  J >Z^'< tX,  <  /  ,  the  shear  wave  also  acquires  an  ox~ 
ponentially  decaying  amplitude,  giving  us  (Fig.  12) 

Q)  -  a  slow  flexural  wave, 

(£)  -  an  exponentially  decaying  fast  flexural  wave, 

@  ®  an  exponentially  decaying  shear  wave, 

Grazing  incidence,  i.e,,  af  =  90^,  leads  to  vanishing  motion,  as  it 

did  for 
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To  oomplete  the  discussion  of  oblique  incidence,  ve  consider  the  case 

&•-£. 

As  the  circular  frequenoy  of  the  incident  wav#j  approaches  tho  thickness- 
shear  frequency,  the  amplitudes  of  the  fast  reflected  ware  and  of  the  reflected 
shear  wave  beoooe  infinite.  The  resonance  encountered  here  is  due  to  the  faot 
that  reflection  at  the  edge  of  the  plate  is  equivalent  to  "forcing"  the  plate 
at  a  frequency  equal  to  a  "natural"  frequency.  For,  it  may  easily  be  verified 
that  the  vibration 

//  ■  V*  «  Q 

is.  a  motion  which  satisfies. the  equations  of  motion  (2)  ano  leaves  the  edge 
/+Q  fr§8-6?  traction. 

We 'have  seen  [Eq.  (32)]  that  the  wave  motion  in  a  semi-infinite  plate 

c 

disappears  as  the  angle  of  incidence  approaches*  90  .  A  similar  situation  ob¬ 
tains  in  the  case  of  waves  reflected  from  the  plane  boundary  of  a  seal-infinite 
solid.  By  application  of  a  suitable  limiting  process,  wave  motions  for  the 
latter  case  have  reoently  been  found  by  Goodisr  and  Bishop  [4].  A  similar 
limiting  prooess  for  the  present  case  will  now  be  considered. 

Letting 

e ,  T/'/i-  c< 

and  neglecting  higher  powers  of  6  ,  we  have,  from  Equations  (17), 

Sih  4l.  (U  £)  ,  /.  \  * . 
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Substituting  into  Equations  (12)*  tbs  amplitude  ratios 
tbs  £* om 


A.'  s  -  H  ^  v,  ^ 


"*e  found  to  bs  of 


(33) 


Expanding  the  exponential#  which  appear  in  the  expressions  for  displacements, 
we  get  free  Equations  (10)- (13)  and  Equation  (1)> 


#«  /4^ 

w'*  A'( /  + 

hr**  A*  (t'fZ-xf")  (34) 

H"*  A ( Lfy  x  ^'1AV 


where 

fe  * 


These  expansions  are  valid  cad  .7  when  higher  powers  of  can  be  neglected  r 
that  ia,  for  a  range  of  distances  free  the  edge  which  is  saall  in  coaparisan 
with  the  'jmre-len^tii  of  the  incident  y§,ra» 

Pfce  Equations  (14) »  (32)  and  (34) >  the  total  motion  is  characterised 
b7  the  expressions 


w 


-**• 


.  Ag[-a  -  + a ** 


(35) 


A/^«  A  £&*  -zf14')* 


(36) 
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IT  we  new  permit  A  to  fceocee  infinite  ae  approaches  2ero,  and  let  the 

approach  to  infinity  be  such  that  the  product  remains  finite,  we  see 

that  the  firat  term  of  Equation  (35)  represents  an  incident  flexural  wave 

while  the  second  tern  corresponds  to  the  n  /L  "  wave  found  by  Goodier  and 

? 

Bishop.  The  third  term  and  Equation  (36)  indicate,  respectively,  a  flexural 
and  a  shear  wave  ?  each  propagated  along  the  edge  of  the  plate ,  and  each 


having  an  exponentially  increasing  or  decreasing  aaplitude,  according  as  ^ 
is  less  than  or  greater  than  p  j  for  »  p  ve  again  have  resonance. 

lih'wlfjjftirt 
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